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Abstract. For an almost contact metric manifold jV, we find conditions for 
which either the total space of an 5 1 -bundle over N or the Riemannian cone 
over N admits a strong Kahler with torsion (SKT) structure. In this way we 
construct new 6-dimensional SKT manifolds. Moreover, we study the geomet- 
ric structure induced on a hypersurface of an SKT manifold, and use such 
structures to construct new SKT manifolds via appropriate evolution equa- 
tions. Hyper-Kahler with torsion (HKT) structures on the total space of an 
5 1 -bundle over manifolds with three almost contact structures are also studied. 



1. Introduction 

On any Hermitian manifold (M 2 ™ , J, h) there exists a unique Hcrmitian connec- 
tion V s with totally skew-symmetric torsion, called in the literature as Bismut 
connection [4j. The torsion 3-form h(X, T B (Y, Z)) of V s can be identified with the 
3-form 

-JdF{-,;-) = -dF(J;J;J-), 

where F(-, •) = h(-,J-) is the fundamental 2-form associated to the Hcrmitian 
structure (J,h). 

Hermitian structures with closed JdF are called strong Kahler with torsion 
(shortly SKT) or also pluriclosed [9]. Since dd acts as \dJd on forms of bide- 
gree (1,1), the latter condition is equivalent to ddF = 0. SKT structures have 
been recently studied by many authors and they have also applications in type II 
string theory and in 2-dimensional supersymmetric a- models [TH1 [23 122] • 

The class of SKT metrics includes of course the Kahler metrics, but as in [12] we 
are interested on non-Kahler geometry, so for SKT metrics we will mean Hcrmitian 
metrics h such that its fundamental 2-form F is 99-closed but not d-closed. 

Gauduchon in [19j showed that on a compact complex surface an SKT metric 
can be found in the conformal class of any given Hermitian metric, but in higher 
dimensions the situation is more complicated. 

SKT structures on 6-dimensional nilmanifolds, i.e. on compact quotients of 
nilpotent Lie groups by discrete subgroups, were classified in |T2l EE]. Simply- 
connected examples of 6-dimensional SKT manifolds have been found in [17] by 
using torus bundles and recently Swann in [27] has reproduced them via the twist 
construction, by extending them to higher dimensions, and finding new other com- 
pact simply-connected SKT manifolds. Moreover, in [14] it has been showed that 
the SKT condition is preserved by the blow-up construction. 
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The odd dimensional analog of Hcrmitian structures are given by normal al- 
most contact metric structures. Indeed, on the product N 2n+1 x R of a (2n + 1)- 
dimensional almost contact metric manifold N 2n+1 by the real line R it is possible 
to define a natural almost complex structure, which is integrable if and only if the 
almost contact metric structure on N 2n+1 is normal [25] ■ More in general, it is 
possible to construct Hermitian manifolds starting from an almost contact metric 
manifold N 2n+1 by considering a principal fibre bundle P with base space N 2n+1 
and structural group S 1 , i.e. an ^-bundle over N 2n+1 (see [21]). Indeed, in [21] by 
using the almost contact metric structure on N 2n+1 and the connection 1-form 6, 
Ogawa constructed an almost Hermitian structure (J, h) on P and found conditions 
for which J is integrable and (J, h) is Kahler. 

In Section [2] we determine conditions for which in general an S^-bundle over an 
almost contact metric (2n + l)-dimensional manifold N 2n+1 is SKT (Theorem 12. 3[) . 
We study the particular case when N 2n+1 is quasi-Sasakian, i.e. it has an almost 
contact metric structure for which the fundamental form is closed (Corollary 12.41) . 
In this way we are able to construct some new 6-dimensional SKT examples, starting 
from 5-dimensional quasi-Sasakian Lie algebras and also from Sasakian ones. 

A Sasakian structure can be also seen as the analog in odd dimensions of a Kahler 
structure. Indeed, by 7. a Riemannian manifold (N 2n+1 ,g) of odd dimension 
In + 1 admits a compatible Sasakian structure if and only if the Riemannian cone 
AT 2n+1 x R+ is Kahler. In Section [3] we study which conditions has to satisfy the 
compatible almost contact metric structure on a Riemannian manifold (N + , g) 
in order to the Riemannian cone N 2n+1 xR+ to be SKT (Theorem l3.1[) . An example 
of an SKT manifold constructed as Riemannian cone is provided and the particular 
case that the Riemannian cone is 6-dimensional is considered in Section 2J This 
case is interesting since one can impose that the SKT structure is in addition an 
SKT SU(3)-structure and one can find relations with the SU(2)-structures studied 
by Conti and Salamon in [8] . 

In Section [5] we study the geometric structure induced naturally on any oriented 
hypersurface N 2n+1 of a (2n + 2)-dimensional manifold M 2n+2 carrying an SKT 
structure and in Section [6] we use such structures to construct new SKT manifolds 
via appropriate evolution equations 20 , 8 , starting from a 5-dimensional manifold 
endowed with an SU(2)-structure (Theorem 16. 4p . 

A good quaternionic analog of Kahler geometry is given by hyper- Kahler with 
torsion (shortly HKT) geometry. An HKT manifold is a hyper-Hermitian mani- 
fold (M 4 ™, Ji, J 2 , J 3 ,h) admitting a hyper-Hermitian connection with totally skew- 
symmetric torsion, i.e. for which the three Bismut connections associated to 
the three Hermitian structures (J r ,h), r = 1,2,3, coincide. This geometry 
was introduced by Howe and Papadopoulos 21 and later studied for instance 

in Ha HH El El E2] - 

A particular interesting case is when the torsion 3-form of such hyper-Hermitian 
connection is closed. In this case the HKT manifold is called strong. 

In the last section we find conditions for which an S^-bundle over a (An + 3)- 
dimensional manifold endowed with three almost contact metric structures is HKT 
and in particular when it is strong HKT (Theorem 17. ip . 
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2. SKT STRUCTURES ARISING FROM 5 1 -BUNDLES 

Consider a (2n + l)-manifold N 2n+1 with an almost contact metric structure 
(7, £, 77, 5), that is, 7 is a tensor field of type (1, 1), £ is a vector field, 77 is a 1-form 
and g is a Riemannian metric on N 2n+1 satisfying the following conditions: 

I 2 = -Id + n®^ 77(0 = 1, g(IU,IV)=g(U,V)-r ) (U)r,(V), 

for any vector fields U, V on N 2n+1 . Denote by u> the fundamental 2-form of 
77,5), i.e. u> is the 2-form on N 2n+1 given by 

= <?(.,/.)• 

Given the tensor field 7 consider its Nijenhuis torsion [7, 7] defined by 
(1) [I, I](X, Y) = I 2 [X, Y] + [IX, IY] - I[IX, Y] - I[X, IY}. 

On the product N 2n+1 x E it is possible to define a natural almost complex structure 

where / is a C°°-function on N 2n+1 x K and t is the coordinate on M. 
We recall the following 

Definition 2.1. |25) v4?z almost contact metric structure (7, £,77,5) 077, _/V 2n+1 is 
called normal if the almost complex structure J on _/V 2ti+1 x K is integrable, or 
equivalently if 

[I,I}(X,Y)+2d V (X,Y)C = 0, 
for any vector fields X, Y on iV + , 

By [51 Lemma 2.1] for a normal almost contact metric structure (7, £,77, g), one 
has that zg<7?7 = 0. 

Remark 2.2. The normality of the almost contact structure implies also that 
Idi] = drj. Indeed, we have that <i(77 — idt) = dr\ has no (0, 2)-part and therefore 
it has also no (2,0)-part since d?7 is real. Thus Jdrj = drj, but we have also that 
J d-q = Idrj since i^dn = 0. 

We recall that a Hermitian manifold (M, J, h) is SKT if and only if the 3-form 
JdF is closed, where F is the fundamental 2-form of (J,h). In the paper we will 
use the convention that J acts on r-forms /3 as 

(Jf3)(X 1 ,...,X r )=p(JX 1 ,...,JX r ), 

for any vector fields Xi,.,.,X r , 

We now show conditions for which in general an ^-bundle over an almost contact 
metric (2n + l)-dimensional manifold is SKT. 

Let (N 2n+1 , 1, £, 77) be a (2n + l)-dimensional almost contact manifold, and let 
f2 be a closed 2-form on 7V 2n+1 which represents an integral cohomology class on 
N 2n+1 . From the well-known result of Kobayashi [53], we can consider the circle 
bundle S 1 ^ P — > AT 2n+1 , with connection 1-form 6 on P whose curvature form is 
d6 = 7r*(f2), where n : P — > N 2n+1 is the projection. 
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By using the almost contact structure (J, £, 77) and the connection 1-form 9, one 
can define an almost complex structure J on P as follows (see [23)- For any 
right-invariant vector field X on P, JX is given by 

9{JX) = -K*(r,(ir,X)), 
1 ' tt*(JX) = 7(tt*X) + 

where #(-X") is the unique function on 7V 2ll+1 such that 

(3) tt*(9(X) = 6{X). 

The above definition can be extended to arbitrary vector fields X on P, since X 
can be written in the form 

x = ^Zfj X j' 

3 

with fj smooth functions on P and Xj right-invariant vector fields. Then JX — 

v./>/.v,. 

In [24] it has been showed that if (N 2n+1 , 1,£,rj) is normal, then the almost 
complex structure J on P defined by (j^J is integrable if and only if d9 is J- invariant, 
that is, 

J(d9) = d9, 

or equivalently 

d9{JX, Y) + d9(X, JY) = 0, 
for any vector fields X, Y on P, i.e. d9 is a complex 2-form on P having bidegree 
(1, 1) with respect to J. 

In terms of the 2-form fl whose lifting to P is the curvature of the circle bundle 
S 1 P — > N 2n+1 , the previous condition means that f2 is /-invariant, i.e. 7(f2) = 
f2, and therefore i^fl = 0. 

If {e , ...,e ,77} is an adapted coframe on a neighborhood U on N + , i.e. 
such that 

Ie 2j ' -1 = -e 2j ', 7e 2j ' = e 2 ^ 1 , 1 < j < n, 
then we can take {7r*e 1 , . . . , 7r*e 2 ™, 7r*r7, 9} as a coframe in 7r _1 (f/). By using the 
coframe {w* e , . . . , 7T*e }, we may write 

= TT*Q: + 7T*/3 A 7T*?7, 

where a is a 2-form in f\ 2 < e 1 , . . . , e 2 ™ > and /3 G /y 1 < e 1 , . . . , e 2 ™ >. 

Next, suppose that iV 2n+1 has a normal almost contact metric structure 
(/,£, 77,17). We consider a principal S^-bundlc P with base space N 2n+1 and con- 
nection 1-form 9, and endow P with the almost complex structure J (associated to 
9) defined by ([2]). Since iV 2n+1 has a Riemannian metric g, a Riemannian metric 
h on P compatible with J (see [24]) is given by 

(4) h(X, Y) = n*g[Tr*X, w*Y) + 9(X)9(Y), 

for any right-invariant vector fields X, Y. The above definition can be extended to 
any vector field on P. 

Theorem 2.3. Let (N 2n+1 ,I,£,r),g) be a (2n + 1)- dimensional almost contact 
metric manifold and let Q, be a closed 2-form on N 2n+1 which represents an integral 
cohomology class. Consider the circle bundle S 1 P — N 2n+l with connection 1- 
form 9 whose curvature form is d9 = 7r*(f2), where ir : P — > N 2n+1 is the projection. 
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Then, the almost Hermitian structure (J,h) on P, defined by |2]) and (j4|), is SKT 
if and only if (I, £, 77, g) is normal, dO is J -invariant and such that 

d(n*(I(i i dw))) = 0, 
{ ' d(ir*(I{duj) - di] A rj)) = (-K*(I(i e du;)) + ir*n) A ir*n, 

where uj denotes the fundamental form of the almost contact metric structure 

Proof. As we mentioned previously, a result of Ogawa 24] asserts that the almost 
complex structure J is integrable if and only if (g, I, £ , 77) is normal and J(d9) = d6. 
Thus (J, h) is SKT if and only if the 3-form JdF is closed. By using the first 
equality of ([2]), we have that the fundamental 2-form F on P is 

F(X, Y) = h(X, JY) = K*g(ir*X, ir*JY) + 9(X)d(JY) 

= ir*g{-K,X, n*JY) - e(X)n*r,(Tr,Y). 

Therefore, taking into account that we are working with a circle bundle, and so its 
fibre is 1-dimensional, we have 

F = Tr*oj + n*nA6. 

Thus, 

dF = ir*(doj) + TT*(dT]) A 9 - 7r*ry A d6, 

and 

(6) JdF = J{-K*{duj)) - J{ir*{dri)) A 7r*r; - 6 A d6, 

since J(?t*t7) = 9 and J is integrable, so J(d9) = d9. 
Moreover, we have 

(7) J(tt* (du)) = 7T* (I(dw)) + tt* {I{kdw)) A 9. 

Indeed, locally and in terms of the adapted basis {e , . . . , e 2n+1 } such that 
Ie*- 1 = -e 2j , l<j<n, 7e 2n+1 = 0, r, = e 2n+1 , 

we can write 

du = a + [3 A rj, 

where the local forms a G A 3 < e 1 , . . . , e 2 ™ > and f3 G A 2 < e 1 , . . . , e 2n > are 
generated only by e 1 , . . . , e 2n . Furthermore, we have 

la = I(duj), ft = i^dio. 

Thus, 

J{n*(duj)) = J{n*(a)) + J(n*(i^dw)) A 9. 
Now, by using (J2]) and ([3]), we see that J(ir*(a)) = Tr*(Ia) and J(ir* (i^dui)) = 
TT*(I(i^duj)), which proves J7]). As a consequence of Remark |2"T21 we have 

(8) J{K*{dv)) = n*{I(dr))) - ir* (I(i f dr))) A 8 = 7T*(dry), 

since i^dn — and Idn = dn. 
By using (|7|) and ((8]) we get 

(9) JdF = n*(I(du)) + n*(I(i£du)) A 6 - ir*{dr)) A tt*?? - 9 A d9. 
Therefore 

d(JdF) = d(TT*{I(dw)))+d(TT*{I(i i duj)})A9 + TT*(I{i i duj))Ade 
-d{7r*(dri)) Att*77 - 7r* {drj) A dir*rj - d9 Ad6. 
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Consequently, d(JdF) = if and only if 

d(K*{I(i(:du)))) = 0, 

and 

d(TT*{I(du)) -drj Arj)) = (ir*{-I{i s duj)) + d9) Ad6, 
which completes the proof. □ 

We recall that an almost contact metric manifold (N 2n+1 ,I,^,r],g) is quasi- 
Sasakian if it is normal and its fundamental form ui is closed. If, in particular, 
dr/ = auj, then the almost contact metric structure is called a-Sasakian. When 
ft = — 2, the structure is said to be Sasakian. 

By [ini Theorem 8.2] an almost contact metric manifold (N 2n+1 , 1, £, r], g) admits 
a connection V c preserving the almost contact metric structure and with totally 
skew-symmetric torsion tensor if and only if the Nijenhuis tensor of /, given by 
(JXJ) , is skew-symmetric and £ is a Killing vector field. Moreover, this connection is 
unique. 

Then, in particular on any quasi-Sasakian manifold (N 2n+1 , 1, £, r\, g) there exists 
a unique connection V c with totally skew-symmetric torsion such that 

V c / = 0, y c g = 0, V c r/ = 0. 

Such connection V c is uniquely determined by 

(10) g(W c x Y, Z) = g(V 9 x Y, Z) + ±(d V A r,)(X, Y, Z), 

where V 9 denotes the Levi-Civita connection and ^{drj A 77) is the torsion 3-form 
ofV c . 

Corollary 2.4. Let (N 2n+1 , 1, £, 77, g) be a quasi-Sasakian (2n + l)-manifold and 
let Q be a closed 2-form on JV 2n+1 which represents an integral cohomology class. 
Consider the circle bundle S 1 P — >• N 2n+1 with connection 1-form 9 whose 
curvature form is dO — 7r*(f2), where ir : P — ¥ N 2n+1 is the projection. Then, the 
almost Hermitian structure (J, h) on P , defined by ^ and (U]) 7 is SKT if and only 
if n is I-invariant, i^Q — and 

(11) drj A drj = -fl A fl. 

Moreover, the Bismut connection V s of (J, h) on P and the connection V c on N 
given by (1101) are related by 

(12) h(V x Y, Z) = **g(y°, x ir*Y, n*Z), 
for any vector fields X,Y, Z G Ker9 . 

Proof. Since duj = 0, if we impose the SKT condition, by using the previous theo- 
rem, we get the equation (1111) . 

The Bismut connection V s associated to the Hermitian structure (J, h) on P is 
given by: 

(13) h{V B x Y, Z) = h{V h x Y, Z)- 1 - dF(JX, JY, JZ), 

for any vector fields X, Y, Z on P, where V h is the Levi-Civita connection associated 
to h. Then, for any X, Y, Z in the kernel of 9 we have 

h(X7 x Y, Z) = 7r*g(W h x Y, Z) + |(7r*(d77) A tt* V )(X, Y, Z). 
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By [231 Lemma 3] and the definition of V c we get 

h{V x Y, Z) = 7r* 5 (V^ x 7r*Y, ^Z)+ l -(^{dn)^*n){X, Y, Z) = w*g(V c %tX ir*Y, tt*Z), 
for any X, Y, Z in the kernel of 9. □ 
Remark 2.5. If the structure (I,£,,n,g) is a-Sasakian, equation (fTTj) reads as 

flAfl = -a 2 cd A w. 

In the case of a trivial S^-bundle, i.e. by considering the natural almost Hermit- 
ian structure on the product N 2n+1 x R, we get the following 

Corollary 2.6. Let (N 2n+1 , 1 , £,rj, g) be a (2n + I) -dimensional almost contact 
metric manifold. Consider on the product JV 2n+1 xR the almost complex structure J 
given by 

JX = IX, X £ Kerrj, J£ = -—, 

dt 

and the product metric h = g + (dt) 2 . The Hermitian structure (J, h) is SKT if and 
only if (J, £, n, g) is normal and such that 

d(I{du)) = d(dn A n), d(I(i(:dw)) = 0, 

where U) denotes the fundamental 2- form of the almost contact metric structure 

(sr> 

As a consequence of previous results we get 

Corollary 2.7. Let (N 2n+1 ,I,£,r],g) be a (2n + 1) -dimensional quasi- S as akian 
manifold such that drjAdv = 0. Then, the Hermitian structure (J, h) on N 2n+1 x R 
is SKT. Moreover, its Bismut connection V s coincides with the unique connection 
V c on N 2n+1 given by (fTO]) . 

Proof. In this case, since dui = we get 

d(JdF) = -d{driAn). 

Moreover, by using (|12l) 

h{V B x Y,Z)=g{V c x Y,Z), 
for any vector fields X, Y, Z on N 2n+1 . □ 

2.1. Examples. We will start presenting three examples of quasi-Sasakian Lie al- 
gebras satisfying the condition dn A dn = 0. By applying Corollary 12.71 one gets 
an SKT structure on the product of the corresponding simply-connected Lie group 
by R. 

Example 2.8. Let s be the 5-dimensional Lie algebra with structure equations 



de 1 


= e 13 + 


e 23 + 


g 25_ 


e 34 + 


e 35 , 




de 2 


= 2e 12 - 


-2e 13 


+ e 14 


_ e 15 


-e 24 - 


He 34 + e 45 , 


< de 3 


= -e 12 


+ e 13 


+ e 14 


-e 15 


+ 2e 24 


- 2e 34 + e 45 


de 4 


= ~e 12 


_ e 23 


+ e 24 


-e 25 


-e 35 , 




de 5 


= e 12 - 


e 13 - 


e 24 + 


e 34 , 







where by e u we denote e 1 A e J . 
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Consider on 5 the quasi-Sasakian structure (J, £, 77, g) given by 
(14) ?y = e 5 , Ie 1 = -e 2 , I e 3 = -e i , oj = -e 1 



.,34 



.9 



5 

E 

3=1 



^ 2 



(e>) 



We have that the above quasi-Sasakian structure satisfies the condition d(dr/ A 
rj)= 0. 

The Lie algebra s is 2-step solvable since the commutator 

s 1 = [s,s] = ffi < ei — e 4 , 62 + e 3 , ei - ei + 2e3 - es > 

is abelian, where {ei, . . . , eg} denotes the dual basis of {e 1 , . . . , e 5 }. Moreover s has 
trivial center, it is irreducible and non unimodular, since we have that the trace of 
ad ei is equal to —3. 

Example 2.9. Consider the family of 2-step solvable Lie algebras S a , a £ R — {0}, 
given by 

de 1 = ae 23 + 3e 25 , 
de 2 = -ae 13 - 3e 15 , 
de 3 ~ - - 34 
de 4 

dc^ — ~r ■ 

The almost contact metric structure (/, ^, rj, g) given by (|14[) is quasi-Sasakian and 
satisfies the condition dr\ A dr\ — 0. Moreover, the second cohomology group of s a 
is generated by e 12 and e 45 . 

Example 2.10. Another example of family of quasi-Sasakian Lie algebras satisfy- 
ing the condition drj A drj = is g^, b £ R — {0}, with structure equations 



a e 




,,34 



de 1 = b(e 
de 2 =b(- 



13 



,25 



,13 



,15 



,45 



de 3 = 2e' 
de 4 = -2e 35 , 
(fc5 = -4& 2 e 34 , 

and endowed with the quasi-Sasakian structure given by (j 14|) . The second coho- 
mology group of Qb is generated by e 12 . The Lie algebras Qb are not solvable since 
for the commutator we have [fjf,,£)f,] = Qb- 

The Lie groups underlying examples 12.91 and 12.101 satisfy also the conditions of 
Corollary |2 .41 with fl Afl = just by considering as connection 1-form the 1-form e 6 
such that de 6 = Ae 12 and then SI = Ae 12 . With this expression of de 6 we have that: 
d 2 e 6 = 0, J(de 6 ) = de 6 and de 6 A de 6 = 0, and therefore equation (jlll) is satisfied. 
Observe that A = provides examples of trivial S^-bundles. 

We can recover also one of the 6-dimensional nilmanifolds found in [12 . 

Example 2.11. Consider the 5-dimensional nilpotent Lie algebra with structure 
equations 

' =0, j = l,...,4, 



,12 



„31 



de° = e" + e" 

and endowed with the quasi-Sasakian structure given by ()14|) . If we consider the 

24 and we apply Corollary 12 .41 we have that there exists a 



closed 2-form Jl 



e 13 + e< 
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non trivial S^-bundle over the corresponding 5-dimensional nilmanifold. Moreover, 
since de 5 A de 5 = — f2 A f2 ^ 0, the total space of this S^-bundle is an SKT nilmani- 
fold. More precisely, according to the classification given in [T^] (see also [35]); the 
nilmanifold is the one with underlying Lie algebra isomorphic to f)3 © f)3, where by 
f)3 we denote the real 3-dimensional Heisenberg Lie algebra. 

Since the starting Lie algebra in Example 12.111 is Sasakian, it is natural to start 
with other 5-dimensional Sasakian Lie algebras to construct new SKT structures in 
dimension 6. A classification of 5-dimensional Sasakian Lie algebras was obtained 

in DP- 

Example 2.12. Consider the 5-dimensional Lie algebra £3 with structure equations 

deP=0, j = 1,4, 
de 2 = -e 13 , 
de 3 = e 12 , 
de 5 = Ae 14 + ^e 23 , 

where A, /i < 0. By [1] 63 admits the Sasakian structure given by 

Ie 1 = e 4 , Ie 2 = e 3 , T] = e s , 

g = -f e\ ® e\ - \ e 2 ® e 2 - § e 3 © e 3 - § e 4 <8> e 4 + e 5 (g» e 5 , 

and it is isomorphic to R x (f)3 x R). Moreover, by pQ the corresponding solvable 
simply-connected Lie group admits a compact quotient by a discrete subgroup. 

Consider on 63 the closed 2-form Vl = A e 14 — /1 e 23 . f2 is /-invariant and satisfies 
Q A O = -2A/xe 1234 . Since e 5 is the contact form and de 5 A de 5 — 2\[ie 123i , 
again we get by Corollary [23] an SKT structure on a non trivial 5 1 -bundle over the 
5-dimensional solvmanifold. We will denote by e 6 the connection 1-form. 

The orthonormal basis {a 1 = e 1 , a 2 — e 4 , a 3 — e 2 , a 4 = e 3 , a 5 — e 5 , a e = 9} 
for the SKT metric satisfies the equations 

da 1 =da 2 = 0, da 3 = ~a 14 , da 4 = a 13 , 

da 5 = Xa 12 +^a 34 , da 6 = X a 12 - fi a 34 , 

and the complex structure is given by J{X\) — X 2 , J{X$) = X i ,J{X^ s ) = X 6 , 
where {Xi}^ =1 denotes the basis dual to {a l }f =1 . Since the fundamental 2-form is 
F = a 12 + a 34 + a 56 , one has that the 3- form torsion T of the SKT structure is 

T = Xa 12 {a 5 + a 6 ) +/ia 34 (a 5 - a 6 ). 

Moreover, *T = Aa 12 (a 5 +a 6 )-fia 34 (a 5 -« 6 ), where * denotes the Hodge operator 
of the metric, which implies that the torsion form is also coclosed. 

The only nonzero curvature forms of the Bismut connection V s are 

(f! B )i = -2AV 2 , (n B ) 3 = -2/A* 34 . 

A direct calculation shows that the 1-forms a 5 , a 6 and the 2-forms a 12 , a 34 are 
parallel with respect to the Bismut connection, which implies that V B T = 0. 

Finally, since V B a l ^ for i = 1,2,3,4, we conclude that Hol(V B ) = U(l) x 
C/(1)CC7(3). 
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3. SKT STRUCTURES ARISING FROM RlEMANNIAN CONES 

Let N 2n+1 be a (2n + l)-dimensional manifold endowed with an almost contact 
metric structure (I,£,T),g) and denote by uj its fundamental 2-form. 

The Riemannian cone of N 2n+1 is defined as the manifold jV 2n+1 x R + equipped 
with the cone metric: 

(15) h = t 2 g + (dt) 2 . 

The cone N 2n+1 x R + has a natural almost Hermitian structure defined by 

(16) F = t 2 uj + tr) Adt. 

The almost complex structure J on N 2n+1 x ]R + defined by (F, h) is given by 

d 

JX = IX, X e Kern, Jf=-t—. 

dt 

In terms of a local orthonormal adapted coframe {e 1 , . . . , e 2n } for g such that 



(i7) <«> = -£ 



we have 

JeF- 1 = -e*, Je* = e*- 1 , j = l,...,n, 
{ a) J{te 2n+1 ) = dt, J(dt) = -te 2n+1 . 

The almost Hermitian structure (J, h) on iV 2n+1 x M. + is Kahler if and only if the 
almost contact metric structure (I,£,,r),g) on 7V 2n+1 is Sasakian, i.e. a normal 
contact metric structure. 

If we impose that the almost Hermitian structure (J, h) on N 2n+1 x R + is SKT, 
we can prove the following 

Theorem 3.1. Let (N 2n+1 , 1, £, rj, g) be a (2n + 1)- dimensional almost contact 
metric manifold. The almost Hermitian structure (J, h) on the Riemannian cone 
(N 2n+l xI+,/i), given by (TTSj) and flfa]) . is SKT if and only if (I,£,r),g) is normal 
and 

(19) -An Acu + 2J(dw) — 2drj An = d(I(i € du)), 

where uj denotes the fundamental 2-form of the almost contact metric structure 

Proof. J is integrable if and only if the almost contact metric structure is normal. 
Now we compute JdF. We have that 

dF = 2tdt Auj + t 2 duj + tdr\ A dt, 

and 

JdF = -2t 2 r] A uj + t 2 J{duj) - t 2 dn A rj, 

since 

Jlu = uj, J(dt) — —trj, Jd-q = drj. 
Moreover, with respect to an adapted basis {e 1 , . . . , e 2n+1 } we may prove, in a 
similar way as in the proof of Theorem 12. 31 that 

(20) Jduj = I{duj) + I(i 6 du) A Jrj. 
As a consequence we get 

JdF = -2t 2 n A uj + t 2 I(duj) + tdt A I(i 6 duj) - t 2 dn A r]. 
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Therefore, by imposing d(JdF) — we obtain the two equations 

— 477 A w + 2I(dw) - 2drj A rj - d(I(i^du;)) = 0, 
-2d(rj A lu) + d{I(duj)) - d{dri A r?) = 0. 

Since the second equation is consequence of the first one, we have that the Hermitian 
structure (F, h) on the Riemannian cone N 2n+1 xR + is SKT if and only if the almost 
contact metric structure (I, rj, £, g, ui) on N 2n+1 satisfies the equation (fT9|) . □ 

Remark 3.2. As a consequence of previous theorem we have that, if n = 1, 
equation p9[) is satisfied if and only if the 3-dimensional manifold N is Sasakian. 
On the other hand, if n > 1 and the almost contact metric structure on N 2n+1 is 
quasi-Sasakian (i.e. duj = 0), then the structure has to be Sasakian, i.e. drj = —2lu. 

Example 3.3. Consider the 5-dimensional Lie algebras g a ,b,c with structure equa- 
tions 

' de 1 = oe 23 + 2e 25 + (-|^+£ + 2^) e 34 + 6e 45 , 

de 2 = _ ae i3 _ 2e 15 - i6ce 34 - be 35 , 
< de 3 = f-i - b -) e 34 , 

de 4 = ce 34 , 
^ de 5 = 2e 12 + 6e 14 -6e 23 + (2 + 6 2 )e 34 , 

where a, 6, c £ R and a ^ 0, endowed with the normal almost contact metric 
structure (I,£,r],g,v) with 

le^-e 2 , Ie 3 = -e\ V = e 5 , u = -e 12 - e 34 . 

This structure satisfies (fT9|) and therefore, the Riemannian cones over the corre- 
sponding simply-connected Lie groups are SKT. 

4. SKT SU(3)-STRUCTURES 

Let (M 6 ,J,h) be a 6-dimensional almost Hermitian manifold. An SU(3)- 
structure on M 6 is determined by the choice of a (3, 0)-form ^ = fy + + i'J'- of 
unit norm. If ^ is closed, then the underlying almost complex structure J is inte- 
grable and the manifold is Hermitian. We will denote the SU (3)-structure (J, h, 
simply by (F, fy), where F is the fundamental 2-form, since from F and 'J we can 
reconstruct the almost Hermitian structure. 

We can give the following 

Definition 4.1. We say that an SU (3) -structure (F, *) on M 6 is SKT if 
(21) rf* = 0, d(JdF) = 0, 

where J is the associated complex structure. 

We will see the relation between SKT S'[/(3)-structures in dimension 6 and 
5'[/(2)-structures in dimension 5. 

First we recall some facts about SU(2)-structures on a 5-dimensional manifold. 
An SU(2) -structure on a 5-dimensional manifold N 5 is an SU(2)-reduction of the 
principal bundle of linear frames on N 5 . By Proposition 1] , these structures are 
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in 1 : 1 correspondence with quadruplets (77,^1,^2,1^3), where 77 is a 1-form and Ui 
are 2-forms on N 5 satisfying 

u>i A ujj — SijV, v A 77 ^ 0, 

for some 4-form v, and 

ix^ 3 — i Y uJi lj 2 (X,Y)>0, 

where ix denotes the contraction by X. Equivalently, an SU(2)-structure on iV 5 
can be viewed as the datum of (77, ui±, $), where 77 is a 1-form, ui± is a 2-form and 
<f> = CJ2 + i is a complex 2-form such that 

7; A cji A wi ^ 0, $ A $ = 0, Wi A $ = 0, $A$ = 2cjiAwi, 

and $ is of type (2, 0) with respect to 

SU(2)-structures are locally characterized as follows (see [8]): If (77, uj\, 0)2, ^3) is 
an SU(2)-structure on a 5-manifold N 5 , then locally, there exists an orthonormal 
basis of 1-forms {e 1 , . . . , e 5 } such that 

Wl=e 12 + e 34 , oj 2 = e 13 -e 2 \ w 3 = e 14 + e 23 , 77 = e 5 . 

We can also consider the local tensor field / given by 

Ie 1 = -e 2 , Ie 2 = e\ Ie 3 = -e 4 , Ie 4 = e 3 , ie 5 = 0. 

This tensor gives rise to a global tensor field of type (1,1) on the manifold N 5 
defined by u>i(X,Y) — g(X,IY), for any vector fields X, Y on A^ 5 , where g is 
the Riemannian metric on A^ 5 underlying the S'L/(2)-structure. The tensor field / 
satisfies 

I 2 = -Id + 77 <g> f , 

where £ is the vector field on A/ 5 dual to the 1-form 77. 

Therefore, given an 5't/(2)-structure (77, u)\, 0J2, 0J3) we also have an almost con- 
tact metric structure (I, £, 77, g) on the manifold, where ui\ is the fundamental form. 

Remark 4.2. Notice that we have two more almost contact metric structures when 
one considers w 2 and L03 as fundamental forms. 

If N 5 has an S'?7(2)-structure (77, uj%,u)2i^3), the product A^ 5 x M has a natural 
S£/"(3)-structure given by 

F — u)\ + 77 A dt, 

(22) 

* = (w 2 + ia> 3 ) A(r]-idt). 



Moreover, by Corollary 12.61 the previous S'J7(3)-structure is SKT if and only if 
d(I(dui)) = d(dr) A 77), d(J(^dwi)) = 0, 

(23) 

dui2 = — 3^3 A 77, du>3 = 3w2 A 77. 
Then we have proved the following 

Theorem 4.3. Let N 5 be a 5 -dimensional manifold endowed with an Sub- 
structure (r),u)i,U2,u)s). The SU (3) -structure (F, VP), given by (|22l) . on the product 
N 5 x K is SKT if and only if the equations (|23p are satisfied. 
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Example 4.4. Consider on the 5-dimensional Lie algebras, introduced in Examples 
l2~8 l 1231 and l2~T0l the S'C/(2)-structure given by 

/> — /,— V 12 J- P 34 / 1 — P 13 P 2A , I — P 14 J- P 23 

For the example 1 2. 8 1 we have: 

duo 2 = -2 w 3 A 77 - 4(e 124 - e 134 ), 

dio 3 = 2 w 2 A 77 + 4(e 123 + e 234 ). 

For the examples 12.91 and 12.101 we get duj2 = — 3^3 A r\ and duj 3 = 3w2 A 77, 
therefore on the product of the corresponding simply-connected Lie groups by M 
one gets an SKT SU (3)-structure. 

We will study the existence of SKT S'[/(3)-structures on a Riemannian cone 
over a 5-dimensional manifold N 5 endowed with an S'C/(2)-structure (77, u±, 0J2, W3). 
Then N 5 has an induced almost contact metric structure (I, £, 77, g) and u>\ is its 
fundamental form. 

The Riemannian cone (TV 5 x R + ,/i) of (N 5 ,g) has a natural 5J7(3)-structure 
defined by 

F = t 2 u 1 +trj A dt, 

* = t 2 (uj2 + «w 3 ) A (£77 - zd/j). 
In terms of a local orthonormal coframe {e , . . . , e 5 } for g such that 

Wl = -e 12 - e 34 , W2 = -e 13 + e 24 , lj 3 = -e 14 - e 23 , 77 = e 5 , 
we have that 

Je 1 = -e 2 , Je 2 = e\ Je 3 = -e 4 , Je 4 = e 3 , J{te 5 ) = dt, J(dt) = -te 5 . 

We recall that the Si7(3)-structure (F, on iV 5 x R + is integrable if and only if 
the S'L T (2)-structure (r),u)i,LJ2, W3) on N is Sasaki-Einstein, or equivalently if and 
only if 

drj = — 2ui±, du>2 — — 3 lo 3 A 77, = 3 0^2 A 77. 

For the Riemannian cones we can prove the following 

Corollary 4.5. Let N 5 be a 5-dimensional manifold endowed with an SU(2)- 
structure (r],uJi,UJ2,uJ 3 ). The SU (3) -structure (F,ty) on the Riemannian cone 
(N 5 xR+A) is SKT if and only if 

{-4?7 A lui + 2I(du 1 ) - 2dr] A 77 = 
dw3 = —3 w 2 A 77. 
Proof. By imposing that dip = we get the conditions 

du>2 = —3 UJ3 A 77, = 3 UJ2 A 77. 

By imposing d(JdF) = 0, we obtain, as in the proof of Theorem 13. 11 the equation 
([T5]) for w = uji. 

□ 
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5. Almost contact metric structure induced on a hypersurface 

Here we study the almost contact metric structure induced naturally on any 
oriented hypersurface N 2n+1 of a (2n + 2)-manifold M 2n+2 equipped with an SKT 
structure. 

Let /: 7V 2n+1 — > M 2n+2 be an oriented hypersurface of a (2n + 2)-dimensional 
manifold M 2n+2 endowed with an SKT structure (J, h, F) and denote by U the 
unitary normal vector field. It is well known that N 2n+1 inherits an almost contact 
metric structure (/, £, rj, g) such that r\ and the fundamental 2-form w are given by 

(25) V = -r(i v F), u = fF, 

where F is the fundamental 2-form of the almost Hermitian structure (see for 
instance [5]). 

Proposition 5.1. Let f: N 2n+1 — > M 2n+2 be an immersion of an oriented 
(2n + 1) -dimensional manifold into a (fin + 2) -dimensional Hermitian manifold 
(M 2n+2 , J, h). If the Hermitian structure (J,h) is SKT, then the induced almost 
contact metric structure (I,^,n,g) on N 2n+l , with r\ and lo given by (|25j) . satisfies 

(26) d{ldu - I{f*{i v dF)) A rj) = 0. 

Proof. We can choose locally an adapted coframe {e 1 , . . . , e 2n+2 } for the Hermitian 
structure such that the unitary normal vector field U is dual to e 2n+2 . Since the 
almost complex structure J is given in this adapted basis by 

Je 2 ^ 1 = -e 2j , Je 2j = e 2 ^ 1 , j = l,...,n, 

J e 2n+1 _ e 2n+2 J e 2n +' 2 — -e 2n+1 

the tensor field / on N 2n+1 satisfies that If*e l — f* Je 1 , i = 1, . . . , 2n + 1, that is, 
I f* e V-i = _/* e 2i 5 If*e 2j = f*e 2j - 1 ,j = l,...,n, lf*e 2n+1 =0. 

However, If*e 2n + 2 = ^ f* e 2n+1 = -f*Je 2n+2 . 

Now we compute f*JdF. First we decompose (locally and in terms of the 
adapted basis) the differential of F as follows: 

dF = a + (3 A e 2n+1 + 7 A e 2n+2 + y, A e 2n+1 A e 2n+2 , 

where the local forms a G /\ 3 < e 1 , . . . , e 2n >, [3, 7 G f\ 2 < e 1 , . . . , e 2n > and 
/i G A 1 < e 1 , . . . , e 2n > are generated only by e 1 , . . . , e 2n . Then, 

JdF = Ja + J/3 A e 2n+2 - J 7 A e 2n+1 + J M A e 2n+1 A e 2n+2 . 

Since f* e 2n + 2 = Q and using that f* e 2n + 1 = r\, we get 

rJdF = rJa-(f*Jj) At,. 

But f*{ivdF) = /*7 + f*[i A 77, which implies that 

i{r(i v dF)) = ir 1 =f*j 1 . 

On the other hand, 

Iduj = Idf*F = If*dF = If* a = f*Ja. 

We conclude that 

f*JdF = f*Ja- (/* J 7 ) A 77 = Iduj - I(f*(i v dF)) A 77. 

Now, if the Hermitian structure is SKT, then JdF is closed and the induced struc- 
ture satisfies ((26|) . □ 
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Remark 5.2. Notice that using that ivdF = CvF — divF we can write (|26|) as 

d(ldu) - I{f*{C v F) + drj) A rj) = 0. 

Therefore, if f*(C\jF) = 0, the induced almost contact metric structure has to 
satisfy the equation 

d(lduj - I(dri) A ij) = 0. 

In the case of the product jV 2n+1 x K the condition f*(£ v F) = is satisfied. 
In the case of the Riemannian cone we have that 

Cj_F = 2tu + dthn, 

dt 

and therefore we get = 2cj. 

dt ... I I 

In this way we recover some of the equations obtained in Corollary 12.61 and in 
Theorem 13.11 



Now we study the structure induced naturally on any oriented hypersurface iV 5 
of a 6-manifold M 6 equipped with an SKT SU(3)-structure. 

Let /: TV 5 — > M 6 be an oriented hypersurface of a 6-manifold M 6 endowed 
with an SU(3)-structure (F, = + i and denote by U the unitary normal 
vector field. Then N 5 inherits an SU(2)-structure (77, o>i, u>2, W3) given by 

(27) r) = -f*(i v F), wi = /*F, wa = -/*(*u*-), ^3 = /*(<«*+). 
As a consequence of Proposition 15 . 1 1 we have the following 

Corollary 5.3. Let f : N 5 — > M e be an immersion of an oriented ^-dimensional 
manifold into a 6- dimensional manifold with an SU (3) -structure. If the SU(3)- 
structure is SKT, then the induced SU (2) -structure on N 5 given by (1271) satisfies 

(28) d{ldu> x - If* (i v dF) A 77) = 0, 
and 

(29) d(cj 2 A 77) = 0, d(uj 3 A 77) = 0. 



Proof. The equation ([28)1 follows by Proposition 15 . 1 1 taking tj = u)\. We can choose 
locally an adapted coframe {e 1 , . . . ,e 5 ,e 6 } for the S't/(3)-structure such that the 
unitary normal vector field U is dual to e 6 . From (|27|) it follows that ll>2 A 77 = /*Vt'+ 
and oj 3 A 77 = f*^-. Now, if * = + i is closed then the induced structure 
satisfies (E9l). □ 



5.1. A simple example. Consider the 6-dimensional nilmanifold M 6 whose un- 
derlying nilpotent Lie algebra has structure equations 

dei = 0,j= 1,2,3,6, 
de 4 = e 12 , 
de 5 = e 14 , 

and it is endowed with the S'L r (3)-structure given by 

F = -e 14 - e 26 - e 53 , * = (e 1 - ie A ) A (e 2 - ie 6 ) A (e 5 - ie 3 ). 

The oriented hypersurface with normal vector field dual to e 2 is a 5-dimensional 
nilmanifold N 5 , which has by [8] no invariant hypo structures, but the Sub- 
structure on N 5 

(30) 77 = e 2 , Wl = -e 14 - e 53 , ^ 2 = -e 15 - e 34 , o 3 = -e 13 - e 45 , 
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satisfies (|28[) and (|29|) . In section[6]we will show that by using this 5J7(2)-structure 
and appropriate evolution equations we can construct an SKT S'?7(3)-structure on 
the product of TV 5 with an open interval. 

6. SKT EVOLUTION EQUATIONS 

The goal here is to construct SKT SU(3)-structures by means of appropriate 
evolution equations starting from a suitable 5J7(2)-structure on a 5-dimensional 
manifold, following ideas of [20] and [8]. 

Lemma 6.1. Let (n(t),uji(t),uj2(t),uj 3 (t)) be a family of S\J (2) -structures on a 
5-dimensional manifold N , for t G (a, b). Then, the SU (3) -structure on M e = 
N x (a, b) given by 

F = wi(t) + r)(t) Adt, * = (uj 2 (t) + iu> 3 (t)) A (n(t) - idt), 

satisfies the condition d^ = if and only if (j](t),u>i(t),ui2{t),<^3(t)) is an SU(2)- 
structure such that 

<*M*) A T}(t)) = 0, d(w3(t) A Tj(t)) = 0, 

dt(u2(t) A r)(t)) = -<L 3 (i), d t (u 3 (t) A n{t)) = dw 2 (t), 
hold, for any t in the open interval (a, b). 

Here d denotes the exterior differential on N 5 and d the exterior differential on 
M 6 . Now we show which are the additional evolution equations to add to the last 
two equations of (|3Tj) to ensure that dJdF = 0. 



Proposition 6.2. Let (ri(t),uii(t),uj2(t),uj3(t)) be a family of S\J (2) -structures on 
N , for t G (a, b). Then, the SU (3) -structure on M 6 = N 5 x (a, b) given by 

(32) F = ui(t) +r)(t) Adt, * = (w 2 (t) + iu 3 (t)) A (r](t) - idt), 

satisfies that JdF is closed if and only if {rj{t),uii(t),U2{t),uj 3 {t)) satisfies the fol- 
lowing evolution equations 

( d{l t (Lx{t) - I t {d t ui{t) + dr)(t)) A T](tfj = 0, 

(33) I dt^Itdu^t) - I t (8tui(t) + Mt)) A ??(£)) = 

-d^Lt^duJxit)) - I t (it{d t wi(t) +dn(t))) A ??(*)), 

where, for each t € (a,b), £(t) denotes the vector field on N 5 dual to rj(t). 

Proof. Since F = ui(t) + r/(t) A dt, we have that 

dF = dcui + (d t UJi + drj) A dt. 

Let {e 1 (t), . . . , e 4 (t), i](t)} be a local adapted basis for the SU(2)-structure 
(n{t),uJi(t),uj2{t),w 3 {t)). Then {e 1 {t) , . . . , e A (t) , n{t) , dt} is an adapted basis for 
the SU(3)-structure (|3"2")l and J is given by 

Je\t) = -e 2 (t), Je 2 (t) = e^t), Je 3 (t) = -e 4 (t), Je 4 (t) = e 3 (t), 

Jn(t) = dt, Jdt = -T)(t). 
Then, the structures It induced on N 5 for each t are given by 

I t e\t) = -e 2 (t), I t e 2 {t) = e l (t), I t e 3 {t) = -e\t), Ie\t) = e 3 (t), I tV (t) = 0. 
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where alt) £ f\ < e 1 ^), 
fore 



T{t) = a(t) + /3(t) Ar)(t), 

,e 4 (i) > and (3{t) £ /\ k ^ < e\t), 



l (t)>. There- 



Jr(t) = Ja(t) + Jp(t)AJr](t) = I t a{t) + I t (3{t)/\dt = I t r{t) - (-l) fe I t (i m T(t)) Adt. 

Applying this to JdF we get 

JdF = Jdui - J{d t uJi + dn) A rj{t) 

= /i^i-J t (9 t wi+dr?)A7?(t)+Jt(i S (i)(Li)Adt-Jtr^(9tWi+rf??)l Ar)(t)Adt. 
Finally, taking the differential of JdF we get 

dJdF = d^Itdwx - I t {d t ui + drj) A r)(t)) + d t (l t dui - It(d t ui + drj) A A dt 



I t (i^ t )du>i) - I t (it.(d t ui + df]fj A r){t) 



Adt. 



□ 



Remark 6.3. Observe that the first equation in (|33[) is exactly condition (|28[) for 
F = tJi(t) + f](t) A dt (see Remark[57 



(35) 



As a consequence of Lemma 16.11 and Proposition 16.21 we get 

Theorem 6.4. Let (ri(t),uji(t),uj 2 (t),uj 3 (t)), t £ (a,b), be a family of Sub- 
structures on a 5 -dimensional manifold N , such that 

(34) d(wa(t)A»7(t)) = 0, d(u 3 (t) A ??(*)) = 0, 

for any t. If the following evolution equations 

' d(l t (Lx{t) - I t {d t uJi{t) + dri{t)) A n{t)\ = 0, 

^(itdu^t) - It(d t ui(t) + dr/{t)) A 7j(i)) = 

-d(/ t (i e (Li(i)) - It(k(d t 0Ji(t) + d V (t))) A r](tfj , 

d t (oj 2 (t)Ar)(t)) = -dua(t), 

I d t (oj 3 (t)Ar,(t)) = duj2(t), 
are satisfied, then the SU (3) -structure on M = A x (a, b) given by 
(36) F = LJ 1 (t) + T](t) Adt, * = (u 2 (t) + iu 3 (t)) A {n(t) -idt), 

is SKT. 

Example 6.5. Let us consider the Lie algebra with structure equations 

de> =0,j= 1,2,3, 
de 4 = e 12 , 



underlying the 5-dimensional nilmanifold A 5 considered in Example 15.11 and en- 
dowed with the S'[/(2)-structure given by (|30|) . It is straight forward to verify 
that 

d(u>2 A if) = d(cu 3 A rj) — d{uj\ A uj\) = 0. 
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Let us evolve the previous SU(2)-structure in the following way: 
wi(t) = -e 14 -e 53 , 

W2 (£) = _(l + |i) 1/3 e i5_(l + |<)- 1/3 e 34 , 
wa(*) = -(l + |i) 1/3 e 13 -(l + |<)" 1/3 e 45 , 

where £ £ (— 2/3, oo). 

It is immediate to observe that the family (tJi(i), W3(£), verifies equa- 

tions and the two last equations in (|35l) for any £ 6 (— 2/3, oo). Moreover, it 
verifies the following conditions: 

dtutit) = 0, rf(r?(£)) = 0, i 4 (<l(wi(t))) = 0, d t (j t (<Li(t))) = 0, 

which implies that the evolution equations (|33p are also satisfied. 

On the product A^ 5 x M let us consider the local basis of I-forms given by 

1 = (l + |i) 1/3 e\ /3 2 = (l + |£)" 1/3 e 4 , /3 3 = e 5 , /3 4 = e 3 , 

/3 5 - (1 + |£) 1/3 e 2 , /3 6 = d£. 
The structure equations are: 

' d/3 1 = -i (1 + ff)- 1 /? 16 , 
d/3 2 = (1 + ft)- 1 (/3 15 + i/3 26 ), 
d/3 3 = /3 12 , 

< 

d/3 4 = 0, 

d/3 5 = — i (1 + ft)^ 1 ,3 56 , 
. d/3 6 = 0. 

J is given locally by J/3 1 = -/3 2 , J/3 3 = -/3 4 , J/3 5 = /3 6 . The fundamental 
form F = -/3 12 - /3 34 + /3 56 verifies that d( JdF) = and the (3, 0)-form * = 
(/3 1 + i /3 2 ) A (/3 3 + i /3 4 ) A (/3 5 - i /3 6 ) is closed. Therefore, (F, *) is a local SKT 
SU(3)-structure on N 5 x R. 

Remark 6.6. A Hermitian structure (J, ft,) on a 6-dimensional manifold M 6 is 
called balanced if F A F is closed, i* 1 being the associated fundamental 2-form. 
In [TU] it was introduced the notion of balanced SU(2)-structures on 5-dimensional 
manifolds, together with appropriate evolution equations whose solution gives rise 
to a balanced SU(3)-structure in six dimensions. 

If M 6 is compact, then a balanced structure cannot be SKT (see for in- 
stance [H]). 

The SU(2)-structure (|3"D|> on the previous example is also balanced and it gives 
rise to a balanced metric on the product of N 5 with a open interval (see (11) in [10]). 
However one can check directly that this solution is not SKT. 

Notice that if G is the nilpotent Lie group underlying /V 5 , the product G x E has 
no left- invariant SKT structures and it does not admit any left- invariant complex 
structures; however we find a local SKT SU(3)-structure on it. 
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7. HKT STRUCTURES 

In this section we will find conditions for which an S ll -bundle over a 
(An + 3)-dimensional manifold endowed with three almost contact metric struc- 
tures is hyper-Kahler with torsion (HKT for short). We recall that a An- 
dimensional hyper- Hcrmitian manifold (M 4n , Jx, J2, J 3l ft) is a hypercomplex man- 
ifold (M 4 ™, Jx, J2, J3) endowed with a Ricmannian metric /i which is compatible 
with the complex structures J r , r = 1, 2, 3, i.e. such that 

h(J r X,J r Y) = h(X,Y), 

for any r = 1,2,3 and any vector fields X, Y on M 4n . 

A hyper-Hermitian manifold (Af 4n , Jx, J2, J3, ft) is called HKT if and only if 

(37) JxdFj = J 2 dF 2 = J 3 dF 3 , 

where F r denotes the fundamental 2-form associated to the Hermitian structure 
(J ri h) (see PH). 

Let us consider a (An + 3)-dimensional manifold jV 4rl+3 endowed with three 
almost contact metric structures (I r , £ r , i] r ,g), r = 1,2,3, such that 

^ h = klj - V 3 <8 6 = - V< + »7i ® & , 

By applying Theorem 12.31 we can construct hyper-Hermitian structures on S 1 - 
bundles over jV 4n+3 and study when they are strong HKT. 

Theorem 7.1. Let N 4n+3 be a (An + 3) -dimensional manifold with three normal 
almost contact metric structures (I r , £ r , r\ r , g), r = 1,2,3, satisfying (|38p . and 
let Q be a closed 2-form on N in+3 which represents an integral cohomology class 
and which is I r -invariant for every r — 1,2,3. Consider the circle bundle S 1 <^-» 
P — > N 4n+3 with connection 1-form 8 whose curvature form is d6 — tt*(SV), where 
tt : P — > N is the projection. Then, the hyper-Hermitian structure (Jx, J2, J3, h) on 
P, defined by |2]) and ([4]), is HKT if and only if 

7r*(/i(dwi)) = 7r*(I 2 (dw a )) = 7r*(/ 3 (dw 3 )), 

(39) 7r*(/i(i Cl dwi)) - 7r*(cf77i) A7r*?7i = tt* (L 2 (i^du> 2 )) - ir*(dn 2 ) Air*n 2 

= (h(k 3 du! 3 )) - n*(dn 3 ) A Tr*r/ 3 , 

where UJ r denotes the fundamental form of the almost contact structure 
(I r , £ r , rj r ,g)- Moreover, the HKT structure is strong if and only if 

(ACi\ d(n*(I r (i ir duj r ))) = 0, 

1 ' d(ir* (I r (duj r ) -dr) r Ar) r )) = (tt* (—I r (i^ r duj r )) + tt*VL) A 7r*f2, 

for every r = 1, 2, 3. 

Proof. The almost hyper-Hermitian structure (Jx, J2, J 3 ,h) on P, defined by ([2|) 
and (j4|), is hyper-Hermitian if and only (J r , £ r , rj r ,g) is normal and g?0 is J r -invariant 
for every r = 1, 2, 3. The HKT condition is equivalent to (f37| . By ([9]) we have 

J r dF r = Ti*(I r (du r )) + 7T*(I(i£ r du r )) A 6 - Tr*(dr) r ) A 7T*r) r —9Ad9, 

where F r is the fundamental 2-form of (J r ,h). Therefore, the condition ([37| is 
satisfied if and only if ([39]) holds. Finally, J r dF r are closed forms if and only if (|40|) 
holds. □ 
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Consider on N 4n+3, x R the almost Hermitian structures (J r , F r , h) denned by 

(41) h = g + (dt) 2 , F r = uj r + rj r A dt, 
and 

(42) J r {r lr )=dt, J r (X) = I r (X), X e Kerr/ r . 
Moreover, by (1551) we have: 

J1J2 = J 3 = —J2J1, 

Jim = hm = -m, fova = hm = -wi, = hvi = -V2- 

Therefore (J r ,F r ,h), r — 1,2,3, is a hyper- Hermitian structure on N 4n+3 x R if 
and only if the structures (I r , £ r , rj r ) for r = 1, 2, 3 are normal. 

Corollary 7.2. Let A/ 4 ™ +3 be a {An + 3) -dimensional manifold endowed with three 
normal almost contact metric structures (J r , £ r , T] r ,g), r — 1,2,3. Consider on 
the product jV 4n+3 x R the hyper- Hermitian structure (Ji, J 2 , J 3 , h) defined by (|4ip 
and (|42[) . Then, (Ji, J 2 ,J 3 , ft.) is HKT if and only if 

drji A rji = dr\ 2 A n 2 — dn 3 A 773, 

and one 0/ the following conditions is satisfied: 

(a) du> r = /or any r = 1,2,3, i.e. (J r , £ r , ?7 r ) is quasi- S as akian for any 
r = 1, 2, 3 or 

(b) dw,; A ?jj A 7^ 0, where k) is a permutation of (1, 2, 3), and 

h(dwi) = h(du2) = h(dw3), hiktdui) = h{i£ 2 du)-z) = h{i^ 3 dw 5 ). 

In the case (a) the HKT structure is strong. In the case (b) the HKT structure is 
strong if and only if 

d(/ 1 (dw 1 )) = d(Ji(*f 1 dwi)) = 0. 

Proof. By Theorem 17.11 the hyper-Hermitian structure (J r ,F r ,h), r = 1,2,3, is 
HKT if and only if 

h(dLOi) = I 2 {duj 2 ) = h(du)3), 

(43) 

Ix(i^du>x) - drjx A rji = I 2 (i i2 dui 2 ) - dr/ 2 A n 2 = I 3 (i^ 3 duj 3 ) - dn 3 A 773. 
Let us express locally 

3 3 

(44) duj r = Or + ^ PI A Vi + 7ij A m A V 3 + Pr m A ?72 A 773, 

i=l i<j = l 

where a r , (31 and 7A are 3-forms, 2-forms and 1-forms respectively in Hi=i Ker^ 
and p r are smooth functions. 

By using the normality of the three almost contact metric structures, and then 
that i^ r drj r = and I r (dr] r ) = dr] r , we can write locally: 

dr)i = Ai + Bi An 2 — I\B\ Ar/ 3 + C\ r/ 2 A 773, 

(45) d772 = A 2 + B 2 Ar ll +I 2 B 2 An 3 + C 2 n 1 Ai l3 , 
dr]3 = A 3 + B 3 A 771 - I 3 B 3 A 772 + C 3 771 A 772, 

where I r A r = A r . A r and B r are 2-forms and 1-forms respectively in (\ = i Ker^ 
and C r are smooth functions. 
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We have 

J r (dF r ) = J r {duj r ) + J r (dr) r A dt) = J r (doj r ) — dr) r A rj r . 
Therefore, by using (j44|) and (|45|) . we obtain 
Ji(dPi) = 7iai + Ii# A dt - At A 171 - hp\ A % - hfi\ A 773 

--Tl7l3 A V2 Adt + hjl 2 A 773 A dt + B x A 7/1 A 77 2 - ii-Bi A 771 A 773 
+7i7 2 3 A % A 773 + pi 772 A 773 A dt - d 77! A rj 2 A 773, 

J 2 (cLF 2 ) = I 2 a 2 + I 2 P% A - I 2 Pl A 771 - A 2 A t] 2 + hPl A 773 

+J 2 7| 3 A 771 A dt + J 2 7l2 A 773 A <i< - B 2 A 771 A 77 2 + / 2 7l3 A 771 A 773 
+/2-B2 A 7? 2 A 773 - p 2 771 A 773 A rfi + C 2 771 A 772 A 773, 

J 3 (dF 3 ) = / 3 a 3 + I 3 /3l A + I 3 /3| A 77! - 73/3? A 772 - ^3 A 773 

+^3723 A 771 A rft - 7 3 7i3 Ai]2 Adt + I 3 jf 2 A r/i A 7/ 2 — B 3 A r}i A 773 

+/3B3 Ai] 2 A 773 + P3 r/i A rj 2 A dt — C 3 r/ 1 A i] 2 A 773. 

The conditions (j43|) are satisfied if and only if 

7i2 = 7i 3 = 7i 2 2 = 7 2 2 3 = 7i 3 3 = 7 2 3 3 = 0> Pr = 0, Ci = -C 2 = C 3 , 
I iai = I 2 a 2 = I 3 a 3 , h/3l = I 2 Pl = hPl 

(46) 

A l =I 2 Pl = -I 3 Pl A 2 = I x pl=I 3 Pl A 3 =hPl = -I 2 Pl, 

Bi = -B 2 = / 3 7i 3 2 , -hB 1 = -B 3 = I 2l 2 13 , I 2 B 2 = I 3 B 3 = h^ 3 . 

Since I r A r = A r we obtain that {5\ = for r, i = 1,2,3, with r 7^ i. The last 
three equations in (|4"o) are satisfied if and only if 723 = 7^3 = jf 2 = 0. 
Thus, finally, we obtain: 

duj r = a r + (3 r A r\ r , dr/i = A ?/j A , 

for any even permutation of (1, 2, 3). 

Now, the expression for d{J\dF\) is the following: 

d{JxdFi) = d{h{duj{) + h{i^ x dwi) A dt) - d((drji) A 771) 

= d (Zi(dwi)) + d (7i(^ 1 tL;i)) Adt — drji A dr\x 

= d(h{duji)) + d (hty^duiij) Adt - \ 2 r\ 2 A 773 A 77 2 A 773 

= rf(7i(dwi)) +d (i^i^dui)) A dt, 

and thus the HKT structure is strong if and only if d{Ii{duj\)) = and 
d{h{i il dui)) = Q. 

In particular, in the case (a) we have that d(J r dF r ) = 0, for any r and then the 
HKT structure is strong. □ 
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Example 7.3. Consider the 7-dimensional Lie group G — SU(2) kR 4 with struc- 
ture equations 



' de 1 


- _Ip25 
2 e 


1„36 
2 e 


_ I P 47 
2 e 


de 2 


= ¥ lb + 


l p 37 
2 e 


l p 46 
2 ' 


de 3 


~~ 2 e 


±e 27 + 


1 „45 

2 ' 


< de 4 


2 C ' 


1 P 26 
2 e 


1 „35 

2 ' 


de 5 


= e 67 , 






de 6 








de 7 


= e 56 . 







By [13] G admits a compact quotient M 7 = T\G by a uniform discrete subgroup T 
and it is endowed with a weakly generalized GVstructure. Moreover, by [3] M 7 x S 1 
admits a strong HKT structure. We can show that M 7 has three normal almost 
contact metric structures (7 r , £ r , rj r , g) for r = 1, 2, 3 given by 



lie 1 


-e 2 , 


lie 3 = e 4 , 


he 5 = e 6 , 


r?i = e 7 , 




= e 3 , 


/ 2 e 2 = -e\ 


I 2 e 5 = - 


-e 7 , 772 = e 6 


Ise 1 


-e 4 , 


he 2 = e 3 , 


he 6 = e 7 , 


= e 5 , 



satisfying the conditions (a) of Corollary 1 7. 2 1 
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